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The representation theory of a group G over the field of complex numbers involves two problems: first, the construction of the irreducible representations of G; and second, the problem of expressing each suitably restricted complex valued function on G, as a linear combination (or a limit of linear combinations), of the coefficients of the irreducible representations.
For example, if G is the additive group of real numbers mod 1 (the one-dimensional torus), one considers integrable functions on G, or what is the same thing, integrable periodic functions of period 1 on the additive group of real numbers. In this case the irreducible representations of G are given by the exponential functions x -» e 27Tikx , where k is an integer, and are the continuous homomorphisms from G into the multiplicative group of complex numbers. The expression of an integrable function in terms of the irreducible representations {e 2mkx } is the Fourier expansion of/, 00 f(x) ~ 2 a k e^i k \ -00
where the Fourier coefficients a k are given in terms of ƒ and the representations by the formulas ƒ 00 f{t)e 2 " ik ' dt, *-0,±l,±2,....
-00
For such a group, and, more generally, for locally compact groups and Lie groups, the solution of the problems of representation theory involves both the construction of the irreducible representations, and the question of under what circumstances the Fourier expansion converges, and in particular, whether it converges to the function. The subject of harmonic analysis, to which the preceding considerations lead, is an old and pervasive part of mathematics, pursued for more than a century, and still full of life. It has fostered many triumphs, and certainly one of the greatest has been Harish-Chandra's contributions to harmonic analysis on semisimple Lie groups (see, for example, Warner [I2]). The solution of the MacDonald conjectures. 4.4 Unipotent characters.
Finite groups of Lie type.
This section contains an outline of two descriptions of finite groups of Lie type: a brief account of their construction as Chevalley groups, and their axiomatic description as groups with (B, N)-pairs. A third characterization, in terms of algebraic groups, will be given in §4. The notations Z for the integers, Q for the rationals, and C for the complex field will be used. 1.1 Chevalley groups. Let g be a semisimple Lie algebra over the complex field C, and let $ -{a, /?,...} be a root system of g with respect to a Cartan subalgebra fy. For each root a G <3>, let g a be the one-dimensional root subspace corresponding to a. Chevalley proved that there exists a basis of g consisting of elements X a G g a , for a G $, together with a basis of £) such that the structure constants are all rational integers. The set of Z-linear combinations of these basis elements forms a Lie algebra g z over Z, which is a Z-form of g.
It was then proved by Kostant [47] that from the Chevalley basis of g, it is possible to construct a Z-form U z of the universal enveloping algebra U of g, such that U z is generated, as an algebra over Z, by the elements {X?/m\, a G $, m = 1, 2, . . . }. Now let 7r: g -> End c (M) be a representation of g by linear transformations on a finite-dimensional vector space M over C Then TT can be extended to a representation m\ U -> End c (M), so that M becomes a left U-module. A Z-form M z of M is called admissible if M z is stable under left multiplication by elements of U z ; admissible Z-forms can be shown always to exist, and on such a Z-form M z , we have, for each a G $, {X™/m\)M z = 0, for all sufficiently large m. Therefore, for an indeterminate t over Z, the endomorphism
xf{t) = exp(^J = f t'W/il)
is defined on M% [t \ and its matrix with respect to a Z-basis of M z will have entries which are polynomials in t with coefficients in Z. Now let k be an arbitrary field, and let g z , M, M z , x"(t) be as above. Then 8* -k ®z 9z> becomes a Lie algebra over k, and acts on the /c-vector space M k~k ® z M z , so that Af* is a g^-module. For each root a, we may substitute elements of k for the indeterminate / in the matrix of x£ (t) , and obtain endomorphisms x a (t):M k -+M k9 tGk, which are in fact automorphisms of M k (because they are given by an exponential series). Note that the action of U z on M z , is such that it is possible to construct automorphisms of the vector spaces M k using the exponential series without having problems with the denominators m\ in the series, even in case A: is a field of characteristic/? > 0. DEFINITION. Let q k , M k , x a (t) G End k (M) be as above. For each a G 0, let U a = {x a (t): t G k}, and let G^ = <C/ a :aG$>. The group G^ k is the Chevalley group associated with the representation m of Ö and the field k.
Chevalley constructed the groups G" tk for all fields k, where ir is the adjoint representation ad: g -» End c (g), given by ad X(Y) = [X, Y] , for X 9 Y G Q. He proved that if g is a simple Lie algebra, then the Chevalley group G ad k is a simple group for all fields k (with some exceptions for the field k of two or three elements and certain Lie algebra of rank one or two). He realized that this construction placed under one roof the classical linear groups, whose structure had been worked out over finite fields by Dickson [26] , and by Artin and Dieudonné in general (see [27] ), and the families of simple groups corresponding to the exceptional Lie algebras of types G 2 , F 4 , E 6 , E 7 and E s .
Not long after Chevalley's paper had appeared, several authors found that other families of simple groups could be constructed by twisting a Chevalley group G" k , that is, forming the subgroup G°k of elements in G mk left fixed by a suitable automorphism o of the abstract group G mk . Among the groups obtained in this way were the unitary groups, certain twisted orthogonal groups, and infinite families of finite simple groups discovered by Suzuki and Ree arising from Chevalley groups of type B 2 , G 2 , and F 4 , for certain finite fields k of characteristic 2 and 3.
The groups described above, for finite fields k, are the finite groups of Lie type. They occupy a central position in finite group theory because, taken together, they include all known infinite families of finite simple groups, besides the alternating groups.
1.2 Finite groups with (B, N y pairs. The finite Chevalley groups and their twisted versions have a common subgroup structure, which provided the basis of the analysis, by Chevalley and his successors, of the structure of the groups. The subgroup structure was axiomatized by Tits, as follows, and leads to our second, axiomatic, description of finite groups of Lie type. DEFINITIONS. A (2?, N)-pair (or Tits system) in a group G is a pair of subgroups B and N such that B and N generate G, and the intersection T = B n N is a normal subgroup of N such that the factor group W = N/ T is a finite group generated by involutions {w 1? ..., w n ], satisfying the following conditions, for w E W and w t G {w l9 ..., w n }:
w ( Bw C BwB U Bw t wB and (Here we are using the notation wB, for w G W 9 to denote the coset nB 9 where n G JV is an element such that nT = w in W^; the coset wB is independent of the choice of n because T Ç B.)
The subgroup B in a (i?, AT)-pair is called a /tore/ subgroup', the group W is called the Weyl group; the elements {w v ...,w n } are the distinguished generators of W, and the number n is called the rank of the (2?, JV)-pair.
All the finite groups of Lie type discussed in §1.1 have (2?, Af)-pairs. A good example to keep in mind is the (B, N)-pair of rank n -1 in the Chevalley group G^ k where TT is the identity representation of the Lie algebra g consisting of all linear endomorphisms of trace zero on an «-dimensional vector space. In this case, TT(X) = x 9 for x G g, and G n k is isomorphic to the group SL n (k) of n by n matrices over k with determinant 1. A (J?, iV)-pair in G^k is given as follows: Notice that the same construction yields a (2?, iV)-pair in the general linear group GL n (k). Similar constructions yield (2?, JV)-pairs in the other classical groups such as the symplectic groups Sp 2k (k) and the orthogonal groups O n (k).
For an arbitrary Chevalley group G Vtk ( §1.1), a (B, iV>pair is obtained as follows. Let $+ denote a positive system of roots in $, and let U = <f/ a : a E <!>+>. Then for a Borel subgroup B, we may take the normalizer N(U) of U in G" £. The subgroup B has a semidirect product decomposition B = Tf/, where T is the subgroup of G^k consisting of all elements acting as diagonal transformations with respect to a suitable basis of M k . For the subgroup N 9 we may then take the normalizer of T in G nk .
Using the axioms, it can be shown that the (B, i?)-double cosets in a group G with a (B 9 iV)-pair are parametrized by the elements of the Weyl group. The Bruhat decomposition in GL n (k) can be exhibited as follows. Let g E GL n (k) be arbitrary. Left multiplication by elements of B allow us to perform enough of the elementary row transformations so that the nonzero leading elements in each row of bg 9 for suitable b E B 9 appear in different positions. It follows that for some permutation matrix n E N 9 we have nbg E B 9 and hence g E Bn~XB.
A deeper result about (B, Af)-pairs in finite groups is that the Weyl group is always a Coxeter group, that is, W has a presentation with generators and relations given by W = ( w l9 ..., w n \ (WfWj)^ = 1, with m u = 1 for all i).
Moreover, the indecomposable Coxeter groups that can occur are precisely those associated with the known families of finite simple groups of Lie type (where a Coxeter group is indecomposable if it is impossible to separate the distinguished generators (w" . .., w n } into two nonempty sets for which the generators in one set commute with the generators of the other).
Using his theory of buildings, Tits was then able to prove that not only the Weyl groups, but the finite groups with (B, 7V)-pairs themselves, are characterized by the axioms. More precisely, he proved that every finite simple group with a (2?, 7V)-pair of rank at least 3 is isomorphic to a Chevalley group, described in §1.1.
For our purposes, a more detailed axiomatic description will be used, for which a classification has been achieved without restrictions on the rank.
DEFINITION. Let p be a prime. A finite group G has a split (2?, N)-pair of characteristic p, and Weyl group W 9 provided that G has a (2?, iV)-pair with Weyl group W, B is the semidirect product of a normal /^-subgroup U and the subgroup T = B n N 9 T is an abelian group of order prime to p 9 and T= n neN nBn-1 . The groups described in §1.1 all have split (B 9 iV)-pairs as defined above. In GL n (k) (or SL n (K)) the subgroup U is the subgroup of B consisting of upper triangular matrices with Ps on the diagonal. Finite abelian groups T of order prime to/? also satisfy the definition; in this case W = {\} 9 B = N = r,andf/= {1}.
It is essential for the study of the representations not to consider finite groups of Lie type in isolation from one another, but as members of infinite families. DEFINITION For example, {GL n (q)}, for fixed n, is a family of finite groups of Lie type associated with the Coxeter group S n . In this case (and for all untwisted Chevalley groups) the set of characteristic powers consists of all prime powers. For the families of twisted groups discovered by Suzuki and Ree, however, the characteristic powers associated with the family consist of powers of a single prime (either 2 or 3).
1.3 Parabolic subgroups. Let {G(q)} be a family of finite groups of Lie type, with the common Weyl group W, and let B(q) denote a Borel subgroup of G(q\ for each q. The Bruhat decomposition (1.2.1)
is independent of q, in the sense that the double cosets are parametrized by a set independent of q (namely W). Some other subgroups with this property are the parabolic subgroups, defined, for a finite group G with a (B, 7V)-pair, as the subgroups P containing the Borel subgroup B, and their conjugates. Those containing B will sometimes be called standard parabolic subgroups. For each standard parabolic subgroup P there exists a uniquely determined subset J of the distinguished generators of W, such that P = BWjB, where Wj is the parabolic subgroup of W generated by the elements of /.
( Note that this result explains why finite abelian groups of order prime to p (which appear in the semidirect product decomposition of the Borel subgroup) were included in the definition of finite groups of Lie type.
The semidirect product P = LV in (1.3.2) is called a Levi decomposition of P, and a subgroup L (isomorphic to P/O p (P)) a Levi factor of P.
The interesting group theoretic condition
2) can be shown to characterize parabolic subgroups, (see [8] ; the proof uses the theory of reductive algebraic groups).
Returning to our examples once again, the standard parabolic subgroups in GL n (q) are parametrized by partitions of n, n = n x + • • • + n s , corresponding to parabolic subgroups of the Weyl group S n of the form
The corresponding standard parabolic subgroup consists of all partitioned matrices
where A tj is an n t X nj matrix, and A y = 0 if i >j. The 0^-subgroup of such a parabolic subgroup consists of the matrices as above with A it equal to the identity matrix I n . A Levi factor is given by the partitioned matrices with A tj = 0 for i =£j, and is isomorphic to 
Representations and characters.
This section contains a review of basic principles of representation theory over the complex field C. Special attention is given to the classical methods of constructing characters, by induction from subgroups (Frobenius) and by Brauer's criterion for virtual characters. The results on induced characters are combined with ideas in §1 to describe Harish-Chandra's organization of the character theory of a finite group of Lie type, in terms of the philosophy of cusp forms.
2.1 Basic principles of representation theory. A representation of a finite group G (over the complex field) is a homomorphism
S: G->GL(M)
from G into the group of invertible linear transformations on a finite-dimensional vector space M over C. The character x of S is the complex valued function x-G -> C defined by the trace map:
where Tr(g, S) is the trace of the linear transformation 5(g). The degree of the character is the value at the identity element of G, degx = x0)> so that deg x = dim c (M).
Two representations of G, S: G-*GL(M) and S": G->GL(AT), are equivalent if one is carried to the other by an isomorphism X: M -> M' of the underlying vector spaces:
VgEG.
Two representations are equivalent if and only if they have the same character. Thus the problem of constructing the characters of G, while somewhat simpler than the problem of constructing the representations, nevertheless captures much of the representation-theoretic information. A representation is irreducible if it cannot be expressed as a direct sum of representations on smaller vector spaces. Every representation is a direct sum of irreducible ones, uniquely determined up to equivalence, so the central problem of representation theory is to construct the irreducible representations and their characters (called the irreducible characters). All these concepts also apply to representations of semisimple associative algebras over C.
There is a kind of Fourier analysis involving the characters of a finite group that is extremely useful and powerful. We note first that because of properties of the trace map, the characters x are class functions, that is, they are constant on conjugacy classes: x(*g* _1 ) = X(g) f°r all x,gE.G. We next introduce a hermitian scalar product in the vector space of complex valued class functions cf(G) on G:
It then turns out that the irreducible characters {x,} form an orthonormal basis in the vector space of class functions cf(G): (x,, xj) = Sy (Kronecker delta), and every class function x can be expressed uniquely in terms of the irreducible characters: x = Sc/X,, c t G C. In particular, the character x of an arbitrary representation S can be expressed as a linear combination X = 2«iX/ (2.1.1) with nonnegative integer coefficients n i9 called the multiplicities of {x,} in xThe multiplicities n t count the number of times the irreducible representation *$ with character x, appears as a direct summand of the representation S.
The multiplicities n t in the expression (2.1.1) are computed from the inner product as n t = (x, x,)> an d ^i XXS P^ay a r°le analogous to Fourier coefficients. We shall sometimes write X/ G x to indicate that the multiplicity (x,, x) °f th e irreducible character x, in X is positive, (x, x) > 0.
For a character x as in (2.1.1), we have for the norm ||x|| of x> ||x|| 2 = (x,x) = 2>, 2 and consequently obtain a useful criterion for irreducibility: a character x is irreducible if and only if (x, x) = 1-From the discussion above, it follows that the number of distinct irreducible characters is finite, and is less than or equal to the number of conjugacy classes in G ; in fact, these two numbers are equal.
An important method of construction of characters of G from characters of subgroups H of G was discovered by Frobenius 
where the sum is taken over the distinct (H l9 H-^-double cosets in G.
A second powerful method for constructing characters was discovered by Brauer. Let char z (G) denote the set of Z-linear combinations of the irreducible characters of G. The elements of char z (G), while not always characters themselves, can always be expressed as differences of two characters. Elements of char z (G) are called virtual characters (or generalized characters). Similarly we may define virtual representations of G. For a virtual representation S with virtual character <p, we shall denote the value of <p at an element of g G G by Tr(g, S) , even though <p(g) is not necessarily the trace of a linear transformation.
Brauer's theorem gives a test to determine whether a given class function is a virtual character. For the statement, we require the important concept of an elementary subgroup of G, which is a subgroup of the form (g)XP (direct product) where <g> is a cyclic group, and P is a/7-group, for some prime/?.
class function <p on G is a virtual character if and only if<p\Eisa virtual character of E, for all elementary subgroups E of G.
Brauer's theorem can often be used to show that class functions on G defined in some natural way, are in fact virtual characters. One can then attempt to decompose them into irreducible characters, noting that for a virtual character <p, (<p, <p) = 1 if and only if ± <p is an irreducible character of G.
( 2.2) The philosophy of cusp forms. The main problems. Throughout this section, let G = G(q) denote a finite group of Lie type, of characteristic p, belonging to a family with a common Weyl group W (see §1.3). As a start towards an inductive method of constructing the irreducible characters of G, let us assume for the time being that the characters of groups of Lie type of smaller rank than G, are known. We then ask what can be said about the irreducible characters of the groups {G(q)} in the family under consideration. We emphasize that the problem is not simply to find the characters of an individual group G(q), but to find them by methods which will apply to all groups in the family.
An obvious starting point is the examination of proper parabolic subgroups of G. For such a subgroup P, there is, by Theorem (1.3.2) a Levi decomposition P = LV, where L = L(q) is a finite group of Lie type belonging to a family of groups of lower rank than G.
Let S be an irreducible representation of L and let S be the irreducible representation of P obtained by lifting S to P, putting V = O p (P) in the kernel. In other words, because of the semidirect product decomposition P = LV, there exists a homomorphism ƒ: P->L with kernel V, and 5 is simply the composite map S ° ƒ. Letting \p and xp denote the characters of S and S, we see by Mackey's theorem (2.1.2) that (* C ,*°)-2(*"*,*Vni-
PxP
If P is a standard parabolic subgroup BWjB, it follows from (1.3.1) that the double cosets PxP are in bijective correspondence with the double cosets Wj \ W/ Wjy and hence, to some extent, the norm ||^G where V is the 0^-subgroup of some proper parabolic subgroup of G. Harish-Chandra formulated a general principle, which he called the philosophy of cusp forms y which applies to the above situation in the theory of finite groups of Lie type, and also to the representation theory of real semisimple Lie groups, and reductive algebraic groups over/?-adic fields.
In our situation, the main ideas can be described as follows. (2.2.2) DEFINITION. An irreducible character x of G is said to be cuspidal (or belongs to the discrete series) if (x, l£) = 0 for all O p -subgroups V of proper parabolic subgroups P of G.
In ) ^= 0 for some irreducible cuspidal character \p of a Levi factor L{q) of some proper parabolic subgroup P(q) of G(q).
(
ii) If the second alternative occurs, then P(q) and \p are essentially uniquely determined by x-More precisely, ifxp and t// are irreducible cuspidal characters of Levi factors L(q) and L\q) of proper parabolic subgroups P{q) and P'(q) of G, then
(,p<«>, $'<**>) = 0
unless L(q) is conjugate to L'(q) in G(q) and \f/ and \p' are conjugate characters ofL(q)andL\q). (iii) Let xj/ be an irreducible cuspidal character of a Levi factor L(q), as in (i).
) is bounded independently ofq; in fact Let us define two parabolic subgroups to be associated if their Levi factors are conjugate in G(q). Statement (ii) asserts that the organization of the characters of G(q) according to (2.2.3) is as efficient as possible. That is, each irreducible noncuspidal character x of G(q) appears in i£ G(9) for a uniquely determined conjugacy class of irreducible cuspidal characters of Levi factors of a uniquely determined equivalence class of associated parabolic subgroups. Thus the following problems (neither of which is completely solved at this time) are fundamental for the determination of the irreducible characters of G(q):
(A) (CONSTRUCTION OF THE DISCRETE SERIES). TO construct the irreducible cuspidal characters of an arbitrary finite group G of Lie type; and (B) (Decomposition Problem). To decompose \p G into irreducible components, for an irreducible cuspidal character \p of a Levi factor of a proper parabolic subgroup of G. 
Decomposition of induced characters.
we see that the algebra e H CGe H is the subalgebra of CG consisting of all functions which are constant on (H 9 Z/>double cosets (multiplied by convolution). Closely related algebras and their representations constitute the theory of spherical functions in the representation theory of Lie groups, and what follows may be viewed as the counterpart, in finite group theory, of some aspects of the theory of spherical functions.
DEFINITION. Let H be a subgroup of G, and \p a character of H afforded by a left ideal CHe^ generated by an idempotent e^ E CH. The Hecke algebra H(G, H 9 1//) is the subalgebra e^CGe^ of CG. 
where the sum is taken over double cosets, and x i E D t for i E /. In particular,
where deg <o x = (x, v// G ).
(3.2) Principal series representations. Generic degrees. We shall consider the application of Hecke algebras to the simplest case of the decomposition problem, namely the description of the irreducible components of \ G , for a cuspidal character X of a Levi factor L of a parabolic subgroup P of a finite group of Lie type G, in the minimal situation, with P a Borel subgroup. In this case, the Levi factor T is an abelian group of order prime to the characteristic, and has no proper parabolic subgroups, so that all irreducible characters of T are, by definition, cuspidal. The components of X G in this situation are called principal series characters of G, in analogy with repre-sentations of semisimple Lie groups associated with minimal parabolic subgroups. The principal series characters appearing in X G , as X ranges over the linear characters of T, are simply the components of l£ where U is the 6^-subgroup of a Borel subgroup.^ The problem of decomposing X G , for X an arbitrary linear character of T lifted to the Borel subgroup of B, is not essentially more difficult than the analysis of if, where \ B is the trivial character of B. Therefore we shall begin with the case of if, and will discover later that the methods used in this situation are of broad applicability to other cases of the decomposition problem.
From §3. ind^) = q i9 1 < i < n, and sgn^) = -1, 1 < ƒ <n.
The corresponding representations in \% according to Theorem 3. The structure constants of the generic algebra are polynomials in X l9 . . . , X n . A homomorphism ƒ: R -> Q is defined by specialization, i.e. substitution of elements q t G Q for the variables X i9 so that f(P(X x , ..., X n )) = P(q l9 . . ., q n ) for all P(X {9 . .., X n ) G R. For each such specialization ƒ: R -* Q> we obtain an algebra over Q 9 called the specialized algebra Aj 9 whose structure constants are obtained by applying ƒ to the structure constants of the generic algebra. In particular it is clear from (3.2.1) that if G(q) is a member of a system of finite groups of Lie type, with Weyl group W and index parameters {q i9 1 < i < n} 9 then the specialized algebra A f9 for the specialization ƒ: R-> Q given by ƒ(,¥,) =*= q i9 is isomorphic to the Hecke algebra H(G(q) 9 B(q) 9 1^), while the specialized algebra A f{ given by f x (X t ) = 1, 1 < i < n 9 is isomorphic to the group algebra QW.
From these facts, the associativity of A w follows, because the associativity is equivalent to a polynomial relation in {X l9 .. ., X n ) which is satisfied by all the specializations X t -» q t arising from groups in the system under consideration. Similarly, the discriminant 8 of the algebra A w is a polynomial in {X l9 . .., X n ) whose image under the specializations X t -» q ê is different from zero, hence 8^0. Letting K denote the quotient field of R 9 it follows that the algebra A$ x K ®R A w is a, separable algebra over K 9 that is, A$ is semisimple, and remains semisimple over all extension fields of K.
As in the case of H(G 9 B 9 l B ) 9 it follows that A w has a presentation exactly as in (3. The isomorphism above is not given canonically. For applications to the representation theory of G{q), it is desirable to have a more precise comparison between the representations of H{G{q), B{q), l B{q) ) and CW, which can be achieved as follows. The correspondence X-*Xf depends in general on the choice of the extension ƒ of ƒ: R-+Q. The correspondence will be independent of ƒ provided that the characters of the generic algebra A$ are rational, in the sense that x(<0 e R f°r a^ WELW, for each irreducible character x of A^. Rationality holds most of the time, but there are some interesting exceptions. A further result in this direction can be proved, namely that not only the characters, but the irreducible representations of the algebras Afi 9 can be realized in the field K 9 with the exceptions noted above. From this it follows that, in cases where the above exceptions do not occur, the rational Hecke algebras e B QG(q)e B and the rational group algebras QW axe isomorphic.
We conclude this section by showing how the preceding results can be combined with the theory of Hecke algebras to determine the degrees of the irreducible characters in if ; further results on explicit calculation of character values are described in §4.
DEFINITION. Let A w be a generic algebra, and x an irreducible character of A £. The generic degree corresponding to x is the element of K given by
where P(X) is the Poincarè polynomial of W and is defined by
a specialization associated with a finite group G(q) in a family with Weyl group W. Then f(P(X)) is the index \G(q): B(q% where B(q) is a Borel subgroup of G(q). Moreover, the character x defines, by (3.2.4), an irreducible character of the specialized algebra Af (which is isomorphic to the Hecke algebra H(G(q) 9 B(q) 9 l B (q)))
. By (3.1.1), we may therefore associate with x an irreducible character Ç x j E lf^ (depending on an extension of ƒ to a homomorphism ƒ: R -> C as in (3.2.4)). It then follows from the degree formula in (3.1.3) , that degf x/ = /(rf x ), where d x is the generic degree associated with x-Th e generic degrees d x in fact belong to R = Q[X l9 ..., X n ] 9 for all indecomposable Weyl groups W 9 whenever the characteristic powers {q} of the family includes all prime numbers. In one case where this does not occur (for the Ree groups of twisted type F 4 ) 9 however, the generic degrees associated with the nonlinear characters of W do not belong to R. In the Suzuki groups and Ree groups of twisted type B 2 and G l9 the only nontrivial character of the generic algebra is SGN, and the corresponding generic degree is in R. The following result describes the generic degrees for all families of finite groups of Lie type other than the Suzuki and Ree groups. 
where N is the member of positive roots in the root system <3> associated with G(q) (see §1.1), n is the rank of the (B, A/>pair in G(q), and P(X) is the Poincaré polynomial , 2 wGW X lM of W (see the definition of generic degree for a formula for P(X) in the general case). Moreover, by a result of Chevalley, P(X) can be expressed in multiplicative form 
^(*)-a^MI *,(*)*, ^Gg,
where the product is taken over cyclotomic polynomials {$ / (A r )} different from X -1 (because ^(1) = <p(l) ^ 0 by (3.2.6)).
Using this information it can be proved that if <p ^ l m then the exponent ky > 0 in the above formula, and hence the degrees of all the characters £p, <7
e ^B (q] are divisible by the characteristic /?, with certain possible exceptions for primes dividing the denominator of a^.
We now give a brief illustration of how this information can be applied to the group-theoretic problem of classifying the doubly transitive permutation representations of finite groups of Lie type G with indecomposable Weyl groups. Let 0 be the permutation character of such a permutation representation. Then 0 = 1% for some subgroup //, and double transitivity means that (0, 0) = 2, so that 0 = \ G + x for some irreducible character x-There is no a priori reason to expect x to have anything to do with the characters in if.
Nevertheless, if x £ l/*> ^i cn 0/*> ^) = 1> an d we have G = 5//. The possibilities for such a subgroup H have been explicitly classified by Seitz [60] . So we may assume that x £ 1#-Again by the main theorem of [60], we may assume 9 is known if the characteristic p divides deg x-We are then reduced to the case x ^ if and p} deg x-From the results on generic degrees, this leaves only a small number of possibilities for the characteristic/?, and these can be discussed individually (see [22] ).
Finally, let us return to the case of arbitrary principal series representations, for a family of adjoint Chevalley groups G(q) . In this situation, the stabilizer W x of a linear character X of T(q) in the Weyl group W, is a finite group generated by reflections, hence a Coxeter group. Moreover, it can be proved in this case that the Hecke algebra H(G(q), B{q\ X) can be obtained by specialization from the generic algebra A w . It follows that there is a bijection between the irreducible characters {<pj of W x and the irreducible components {f^} of X G , such that degf^ is given by a generic formula involving the generic degrees d^(X) of Theorem 3.2.6.
The generic degrees have now been computed for all indecomposable Coxeter groups (except for some characters of a generic ring of type F 4 over the polynomial ring in two variables). In the case of the classical groups, this involved carrying over to the generic rings classical results of Frobenius and Young on the characters of the symmetric and hyper-octahedral groups. In the case of the exceptional groups, the analysis of the characters of the generic ring was based on the determination of the character tables of F 4 by Kondo, and E 6 , E 1 and E s by Frame.
Construction of cuspidal characters.
The construction of characters other than those in the principal series depends, as we have shown in §2.2, on the determination of the irreducible cuspidal characters (the discrete series). In their work on GL n (q), Sp 4 (q), and G 2 (q), Green, Srinivasan and Chang and Ree all used Brauer's Theorem 2.1.3 to construct virtual characters containing cuspidal characters as irreducible components. It had been recognized for some time that in order to make full use of this construction, more detailed information about the structure of finite groups of Lie type is needed, especially concerning conjugacy classes and centralizers of elements, then is available in the axiomatic framework of groups with split (B, iV)-pairs. The framework for this set of questions is provided by the theory of reductive algebraic groups defined over finite fields. We begin this section with an introduction to this point of view, and then show what can be done in the new setting towards solving the main problems described in §2.
4.1 Reductive groups over finite fields. Let X be an affine algebraic variety, over a field K which is the algebraic closure of a finite field F p , and let A denote the affine coordinate ring of X. For a finite field F q c K, an F q -rational structure on X is an iysubalgebra A 0 c A such that A 0 ® F K = A. Given such a subalgebra A 0 , we define F: A -> A by F(a 0 <8> A) = ag ® X, X E K 9 a 0 E A 0 . Then F is an algebra homomorphism, and is a bijection from A ->A q , where A q = {a q : a OE A}. For each a E. A, there is an n > 1 such that F n a = a q \ Conversely given such a homomorphism F, we can recover A 0 as the set {a E A: F{a) = a q }.
We may regard F as a morphism F: X -» X, and will call F the Frobenius map (associated with the rational structure on X). Some elementary properties of F are the following:
(a) If F and F' are F qy /^-rational structures on X, then there exist n 9 ri > 1 such that F n = (F'f'. (b) Let g: X -» X be an automorphism of finite order, F: X-* X a Frobenius map for an F q -rational structure, and let gF = Fg. Then Fg is the Frobenius map for some F q -rational structure.
(c) Let Y c X be a closed subvariety of X (defined by an ideal I c A). 
(q).
Conversely, from the classification it follows that all simple finite groups of Lie type, in the sense of §1.3, are groups G F constructed as above. The conjugacy classes in a finite group of Lie type G F are determined as follows. Let x E G F , and let x = su be the Jordan decomposition of x in G, with s semisimple and u unipotent. Then both s and u belong to G F . Moreover, the connected centralizer Z G (s)° is a connected reductive F-stable subgroup of G, and x E Z G (s)°. From this it follows that the conjugacy class of x is to some extent determined by the conjugacy class of the semisimple part s of x, and by a unipotent conjugacy class in the connected reductive group Z G (s)°.
We require more information about the semisimple elements in G F . These are distributed among the F-stable maximal tori in G. While all maximal tori are conjugate in G, the F-stable maximal tori split up into conjugacy classes relative to the action of the finite group G F . For the classification of F-stable maximal tori for a general F^-rational structure, we require Lang's theorem, which asserts that the map x-» x~lF(x) 9 from a connected group G with Frobenius map F, into itself, is surjective. The main result is as follows. 
Cuspidal characters of GL n (q) via the Brauer lift. The Steinberg representation.
This section provides an introduction to the use of homological methods in the representation theory of finite groups of Lie type. We first give an account of a new version of Green's construction of irreducible cuspidal characters of GL n (q) using the Brauer lift of the identity representation. The main result has a topological interpretation, as one might be led to expect from the earlier construction by Solomon and Tits of the Steinberg representation on the rational homology of the simplicial building of a finite group of Lie type. We give a sketch of the method as it applies to St^, and refer to Lusztig [49] (see also Springer [67] ) for the applications to GL n (q).
Let G be a finite group, and let S: G -* GL(M) be a representation of G by invertible linear transformations on a finite-dimensional vector space over a finite field, and let E be a finite extension of the field containing the eigenvalues of all elements {S(g),g OE G}. Let 9: is*-*C* be an injective homomorphism of the multiplicative group of E into the multiplicative group of the complex numbers. 
1) THEOREM (GREEN). The Brauer lift P 0S defined above is a virtual character of G.
The proof uses Brauer's Theorem 2.1.3, and involves checking the restrictions of P 0S to the elementary subgroups of G. Now let'G = GL n (K) 9 and F: G -> G the Frobenius map such that G F a* GL n (q). In this case the Brauer lift of the identity representation I : The problem now is to find the irreducible components of P 0/9 hoping to find a cuspidal one. The method is as follows. Aflag in the underlying vector space over F q is a chain of subspaces
A flag is complete if dim(M /+l /M l ) = 1 for all /. The Borel subgroups in GL n (q) are the stabilizers of complete flags. For a fixed complete flag as above, with d = n = dim M, let P t = Stab G (AQ, 1 < i < n -1, where G = GL(M). Each P t is a maximal parabolic subgroup of G. Moreover, for each /, there is a natural homomorphism 77^ : P t -> GL{M i \ and we may consider the Brauer lift (5 0 IM of the identity representation of GL{M i ). 
where Ç 0M . is the unique irreducible cuspidal component {from (i)) of the Brauer lift of the identity representation of GL{M i ), and 7r t is the homomorphism from
P t -± GL{M i ), defined above. (iii) The characters {Ç 0>M ° ir^f 1 are irreducible if i > 1 or if q > 2. If q = 2, then {Ç 0 M ° <n x ) G
is the sum of an irreducible character and the trivial character
The formula for the character Ç 0M suggests that the Brauer lift /3 0I might arise from representations of G on the homology of an appropriate complex. Such an interpretation was found by Lusztig [49] . We shall present here the more elementary application of topological methods to the construction of the Steinberg character St G of a finite group of Lie type, by Solomon and Tits. DEFINITION. The simplicial building K G of a finite group of Lie type G F is the finite simplicial complex whose vertices are the subgroups {P F } corresponding to maximal F-stable parabolic subgroups P of G. A set of vertices { PQ, . . . , P r F } defines an r-simplex in K G if and only if P 0 n • • • n P r is a parabolic subgroup of G. The group G F acts on the simplicial building K G via conjugation as a group of simplicial automorphisms, and hence acts on the rational homology groups. (4.4.5) ). For semisimple elements s satisfying the hypothesis of (ii), statement (iii) follows by induction on the rank of a (B, iV)-pair in G F . Now let s E G F be an element whose connected centralizer Z G (s)° is contained in no proper F-stable parabolic subgroup of G. In this case, the homology groups of the fixed point set (K G ) S are isomorphic to the corresponding homology groups of the simplicial building K z (5) The character values of the cuspidal characters $ 9M of GL n (q) were computed by Lusztig [49] .
Representations on l-adic cohomology. The solution of the MacDonald
conjectures. Let X be an affine algebraic variety with an F^-rational structure, and Frobenius map F: X->X. For every n, F n : X-* X is an iy-rational structure, and from §4.1, \X F "\ < oo for n = 1, 2, . ... For example, if X is defined by polynomial equations with coefficients in F q9 and F is the Frobenius map which raises coordinates of points in K n to qth powers, then \X F "\ is simply the number of solutions of these equations in the finite field F q n. In order to understand the numbers \X F \ in general, we introduce the generating function *2™\X
Fn \t n~\ viewed as a power series in the complex variable t. In his fundamental paper [82] , Weil conjectured (among other things) that the above series can be expressed in the form
SlA-^-'-^logZW,
where Z(t) is a certain rational function in t 9 called the zeta function of the variety X.
Weil also conjectured that the properties of Z(t) could be established by cohomological methods. This has been accomplished, and we shall require some insight towards these methods in order to proceed with the character theory.
Let g: X -» X be an automorphism of finite order commuting with F. From §4.1, gF is also a rational structure on X. It is possible to introduce cohomology groups H This shows how the rationality of the zeta function is proved in this case, and also calls attention to the following^bjects. DEFINITION. Let X, F, G, H^X, Q t ) , etc. be as above. The Lefschetz number £(g,X) is defined by Ê(ft^)-S(-l)'Tr(ft^(^â)). From the above discussion, we see that £(g, X) = S^, and therefore obtain the following result, which expresses the Lefschetz number in terms of the sequence |Z F " g |, n = 1, 2, ... . Let T C G be an F-stable maximal torus, and let 9: 7 f -»C be a fixed linear character of the finite group T F . For each such pair (T,0), we shall construct a virtual character R T (0) of G (with values in C) as follows. Let B be a Borel subgroup of G containing T (not necessarily F-stable) and let U be the unipotent radical of B.
Lang's theorem asserts that the morphism L:
is a Zariski closed subset of G, and hence is an affine algebraic variety. Moreover, the finite group and it will follow from the orthogonality relations that R TU (0) is independent of U.
The existence of families of virtual characters of G F parametrized by pairs {T 9 0} 9 with T a maximal F-stable torus, and 0 a character of T F 9 was first proved by Green for the groups GL n {q) 9 and was then established by Srinivasan for the groups Sp 4 (q) 9 and by Chang and Ree for the groups G 2 (q). Their existence and properties in the general case were the contents of the MacDonald conjectures.
For two F-stable maximal tori T 9 T', let on N(T, T' ) the left and T on the right, so that the orbit spaces T\N(T 9 T) and N(T 9 T')/T' coincide, and will be denoted by W(T 9 T). In particular N(T 9 T) = N G (T) 9 and W(T 9 T) is the Weyl group N G (T)/T associated with T.
In case T and T' are F-stable, N(T 9 T') is F-stable, and using Lang's theorem, it can be proved that A character 0 satisfying the condition of (4.3.4 ) is said to be in general position.
Let us consider the special case where T is a maximal iysplit torus in G, so that T is a Levi factor of an F-stable Borel subgroup B of G. Then we have, for0:
so that the irreducible components of RT(0) are precisely the principal series characters considered in §3. From a result on the behavior of the Lefschetz numbers £(g, X) relative to the Jordan decomposition of g, the following result can be proved. (4.3.5) Because the Steinberg character vanishes off the semisimple elements, the above corollary can also be stated in the form
(We could have suspected that the induced characters 0 G are important, from the beginning. They vanish however on all the unipotent elements and give no hint of how to recover the lost information connected with character values on unipotent elements.)
Remembering that the point of the whole exercise is to find the cuspidal characters, we are led, following Deligne and Lusztig, to the following results.
Let P be an F-stable parabolic subgroup of G, with an F-stable Levi factor L,*'and unipotent radical V. Then
\L*\ P TCL e
where the sum is taken over all F-stable maximal tori T c L, and all characters 0: T F ->C. From this result it can be proved without too much difficulty that we have: From the previous result, we obtain the following contribution to the main problem of finding the cuspidal characters of G F . (4.3.9) and their role was described by Lusztig as follows. "The irreducible representations constructed (in §4.3) provide only almost all of the representations of our Chevalley groups. These are in some sense similar to the regular semisimple conjugacy classes among all conjugacy classes of a finite Chevalley group. It seems that to understand all irreducible representations without exception, the essential thing is to understand a rather small class of representations (the unipotent ones), which play the same role as the unipotent conjugacy classes among all conjugacy classes of a finite Chevalley group."
In particular, for a maximal iysplit torus T, we have seen that Rj(l) = IgF, for an instable Borel subgroup containing T, so that all the irreducible components of this permutation representation, which we described in detail in §3, are unipotent representations.
At first, it would appear that the orthogonality formula (4.3.2) separates the unipotent characters from the irreducible components of the virtual characters R T (0), for 0 ïh 1. However for virtual characters it can happen (and does) that two such characters can have scalar product zero and still have irreducible components in common. Nevertheless, the following result can be proved. Deligne-Lusztig proved in [25] that an irreducible character £ of G F is not unipotent if and only if f appears with positive multiplicity in some virtual character R T (0) for & ^ 1.
The following result shows how unipotent characters behave relative to the organization of the characters in terms of the cuspidal ones, described in §2.2. Thus the classification of unipotent representations involves, first, the classification of the unipotent cuspidal characters, and then the decomposition of the induced characters X G , for unipotent cuspidal characters of subgroups L F arising from F-stable Levi factors of proper F-stable parabolic subgroups.
The first example of an unipotent cuspidal character was the character 0 1O , constructed by Srinivasan [71] as part of her determination of the character table of Sp 4 (q) . Since then, Lusztig has completed the determination of unipotent cuspidal characters (at least for sufficiently large fields), for each family of finite groups of Lie type with indecomposable Weyl groups.
Moreover, he has also proved the following remarkable result, which shows that the theory of generic algebras and generic degrees developed originally for the principal series characters (see §3), can be applied to all irreducible unipotent representations. The cases when the situation of (4.4.3) can arise, the types of Coxeter groups % that can occur, and the specializations of the generic algebras required to determine the Hecke algebra form an intricate and fascinating set of problems which have been completely solved by Lusztig. Except for the degrees, explicit formulas for all the character values of the irreducible unipotent characters are still not known. Some definitive results in this direction have been found, however, as the following illustrations show. In particular, in case p 6 1^, and s is regular semisimple in an F-stable torus T contained in an F-stable Borel subgroup B, we have, using (4.4.4) These results provide strong evidence that not only the degrees, but perhaps all the character values of irreducible unipotent characters, can be given generically in some way.
